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Chapter 1: Background 
Lewis-Palmer School District #38 
Background 
The WPI Teacher Preparation Program is composed of 150 hours of teaching and 75 
hours of observation.  The practicum will be completed at Lewis-Palmer Middle School, located 
in Monument, CO.   Lewis-Palmer School District encompasses the areas of Northern El-Paso 
County, including Monument and Palmer Lake. 
The Tri-Lakes Area (Monument and Palmer Lake areas) is located almost directly in the 
center of Colorado, and is approximately 20 miles north of downtown Colorado Springs (50 
miles south of Denver).  In the mid to late 1800s, miners looking to make it to California for the 
Gold Rush would travel though central Colorado.  Because Colorado was largely uninhabited at 
this time, many people made the determination that the rich farmland would most likely bring 
as good a fortune as gold mining (and less risky as well).  Monument soon became a large 
shipping route as the D&RG railroad was built alongside it.  Monument was officially 
incorporated in 1879, making it one of the oldest towns in Colorado.  Since then, Monument 
has grown to be large suburban areas, with residents working in Colorado Springs and Denver. 
Demographics 
According to the most recent census results, the population in Monument is 13,758, 
while the population of Palmer Lake is 1,529.  For both towns, the ethnic statistics were 
basically equivalent:  approximately 91% white, 3% Hispanic, 1.5% Asian, and less than 1% 
Black/African American.  These two communities differ in one large aspect – socioeconomic 
status.  The average household income for families in Monument was $87,889, while Palmer 
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Lake was nearly half that figure at 46,976.  Palmer Lake Elementary School also has much higher 
percentage of behavioral problems than those from Monument Schools. 
Lewis-Palmer School District has 5 elementary schools (Pre-K through 6th), 1 Middle 
School (7th and 8th), and 2 High Schools.  The district also has a charter school, which serves 
grades K-8.  Due to a closure of a middle school last academic year, all elementary schools have 
begun teaching 6th grade as well, as opposed to the previously offered K-5.  The 2010-2011 
academic year has proved to be challenging for District 38 staff and students, as schools 
became more crowded due to the restructuring. 
According to the Lewis-Palmer Website, over 95% of students graduate high school from 
District 38, while over 85% continue on to college.  District 38 is slightly above the national 
average dropout rate, which was 92% in 2008 (U.S. Department of Education), and significantly 
higher than the national College Continuation rate, which sits at approximately 63% (College 
Continuation Rates)).   
Lewis-Palmer Middle School ranks 49th out of 410 Middle Schools in Colorado for the 
2010-2011 school year based on CSAP testing scores.  This rank was 4 places lower than during 
the 2009-2010 school year.  (National Center for Education Statistics) 
Standardized Testing 
 District 38 is one of the top performing districts in Colorado, as evaluated by the 
Colorado Student Assessment Program (CSAP).  The CSAP is a standardized test, assessing 
students in four areas: Math, Science, Reading, and Math.  Students are then scored on an 
objective scale using percentiles, as well as on a subjective scale called Performance Levels.  
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Four performance levels exist:  Unsatisfactory, Partially Proficient, Proficient, and Advanced.  
Report cards that are used at the elementary school level often utilize these performance levels 
instead of grades for certain areas. 
According to the Colorado Department of Education, District 38 Middle Schools scored 
in the 98th percentile for Mathematics during the 2009-2010 school year.   In fact, at the middle 
and high school levels, District 38 is above the 95 percentile as well.  Finally, Lewis-Palmer 
scored 97.9% on Colorado’s Academic Achievement Indicator.  This figure is based on the 
number of students who place in the Proficient or Advanced Categories in all areas of 
Colorado’s standardized tests. 
Recently, District 38 added the Northwest Education Association tests to its curriculum.  
These are computer based tests, which primarily evaluate only elementary school students in 
Reading, Language Usage, and Math.  Scores are reported immediately top the student and 
teacher, and progress can be tracked multiple times over the course of the year. 
In addition to CSAP and NWEA, all students participate in the National Assessment of 
Educational Progress, “largest nationally representative and continuing assessment of what 
America's students know and can do in various subject areas.” (National Center for Education 
Statistics (NCES) Home Page, a part of the U.S. Department of Education).  Although most of 
Colorado’s schools are expected to participate in NEAP, results aren’t designed to gage 
individual school’s performance.  Rather, NEAP is designed to get a nationwide snapshot of the 
status of all students’ progress over very large geographical areas. 
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In 2009, Massachusetts ranked #1 in the nation for average NEAP scores for 8th graders 
in Mathematics, with a score of 299.  Colorado ranked 15th, with a score of 287.  Both states 
ranked above the national average, which was 282 points. 
Massachusetts Education Reform 
 
 The Massachusetts Education Reform Act of 1993 was a 7 year plan for an overhaul of 
public education in Massachusetts. It focused on equalizing finding to all areas of 
Massachusetts, defining a common framework and assessment method, and improving overall 
student performance.  Special attention was given to modernizing education, for use in the 21st 
century.  The act was based on the Outcomes Based Education model.   
Outcomes Based Education is an educational model focuses on measured outcomes and 
results, rather than on immediate issues, or “inputs”.  By broadening one’s view of education, 
and focusing on the end result rather than day-to-day operations, they can begin to develop 
common goals for all students.  It uses a somewhat backward approach, by focusing on the 
goals and using those goals to dictate the procedure to reach them.  This concentration was a 
necessity because of the vast difference of schools in terms of funding, socioeconomic status of 
the students, and overall student expectations.    
The Reform Act of 1993 seems to have been a success for a large part.  A listing of 
accomplishments by the Massachusetts Department of Education, lists teacher education and 
licensure requirements being enforced, technology in the classroom being addressed, and 
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charter schools being opened (Antonucci).  There are numerous other accomplishments listed 
as well. 
Education in Massachusetts is still being addressed with the passing of the 
Massachusetts Education Reform Act of 2010.  This act focuses again on providing additional 
funding for under-achieving schools, while at the same time matching teachers with 
opportunities better.  This is a five year plan, and should be complete by 2016. 
Curriculum Defense 
 Massachusetts Department of Education has developed 5 ‘strands’ of mathematics education 
that they believe are mandatory for students K-12 to master (Education) . Colorado has 4 
similarly grouped areas of mathematics which are called ‘topics’ (Colorado Academic Standards) 
The topics presented in the Massachusetts curriculum directly correspond to the Colorado 
curriculum, although these topics are grouped slightly differently. 
Curriculum Correlation 
 The biggest difference between the two curriculums is the fact that in the Colorado 
Curriculum, Geometry and Measurement are grouped together. To me, grouping measurement 
and geometry together not only gives students a great practical application of measurement, 
but are inseparable.  
Colorado defends its choice for grouping these topics together: “Geometric sense allows 
students to comprehend space and shape. Students analyze the characteristics and relationships 
of shapes and structures, engage in logical reasoning, and use tools and techniques to 
determine measurement. Students learn that geometry and measurement are useful in 
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representing and solving problems in the real world as well as in mathematics.” (pg 15 Colorado 
Academic Standards)  
Furthermore, the Massachusetts Framework states in the very first line of the Geometry 
Description, “Geometry, spatial sense, and measurement were among the sources of the 
earliest mathematical endeavors.” It goes on to state, “[Students] need to understand the 
structure of space and the spatial relations around them, measure many aspects of their 
environment, and communicate this structure, these relations, and their measurements to 
others.” (pg 20 Massachusetts Curriculum Framework) Although geometry is separated from 
measurement in the Massachusetts Framework, measurement is obviously strongly integrated 
in geometry. 
Direct Reference  
A reason why the Massachusetts Curriculum and Colorado Standards are so closely 
correlated is the fact that Colorado used the Massachusetts Curriculum Framework as a 
reference when they created these standards (and is listed 2nd):  
“The mathematics subcommittee used a variety of resources representing a broad range of 
perspectives to inform its work. Those references include:  
Massachusetts Curriculum Framework  
…” (pg 9, Colorado Academic Standards)”  
In addition, both curriculum frameworks list National Council of Teachers of 
Mathematics (NCTM) as a reference as well. Both curriculums show strong connections with 
the national NCTM Common Core Standards. 
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Massachusetts Curriculum for 7th and 8th Grade Math 
 
In Colorado, I will be teaching both 7th and 8th grade Mathematics.  I will teach in the 
areas of Algebra and Geometry.  Regardless of the content area being taught, all 5 strands 
(Number Sense and Operations; Patterns, Relations, and Algebra; Geometry; Measurement; 
and Data Analysis, Statistics, and Probability) will be addressed in each class.  Algebra leads 
itself to Number Sense, Probability, and Data Analysis, while Geometry leads itself to 
Measurement.  All of these topics are required to be covered from the time span of 7th to 8th 
grade. 
Some topics that will be covered in Algebra Include: 
• Converting between appropriate units of measurement by using Algebraic 
manipulation (8.M.1)  
• Evaluating simple algebraic expressions (8.P.1) 
• Using Linear Equations to model problems involving proportional relationships 
(8.P.9) 
• Using rations and proportions to solve problems (8.N.3) 
• Use the inverse relationship of addition and subtraction, multiplication and 
division, and squaring and finding square roots to simplify computations and 
solve problems (8.N.9) 
Some topics that will be covered in Geometry Include: 
• Determine when an estimate rather than an exact answer is appropriate (8.N.11) 
• Demonstrate an understanding of the concepts and apply formulas and 
procedures for determining measures, including those of area and perimeter / 
circumference of various shapes (8.M.3) 
As demonstrated above, by teaching Algebra and Geometry, I will cover all strands of 
the Massachusetts framework.    
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Chapter 2: Courses and Frameworks 
Course Descriptions 
 Lewis-Palmer Middle School offers 5 standard Math Classes:  6th, 7th, and 8th grade 
(entitled “Pre-Algebra”) standard courses, as well as two advanced classes, Algebra I and 
Geometry.  It is possible for kids to be placed in their standard class or to be once or even twice 
advanced.  Algebra I and Geometry are high school classes, and they count towards high school 
credit.  Because of this, Algebra and Geometry students are required to take district-wide finals 
as well as maintain above a “B” average to remain advanced.  Approximately half of the 
students on the 8th grade Silver Team were placed in standard Math, while the other were 
designated as advanced. 
 Because the practicum was completed in Colorado, these courses were designed to 
follow the Colorado Model Content Standards (Appendix 4A – Abbreviated Colorado Model 
Content Standards).  However because the Colorado Model Content Standards are largely 
based off of the Massachusetts Curriculum Framework (see Chapter 1: Background Curriculum 
Defense), standards completed for Colorado had similar Massachusetts standards. 
 Massachusetts teachers are expected to teach under five “strands” (Appendix 4B – 
Abbreviated Massachusetts Curriculum Framework: Strands): Number Sense and Operations; 
Patterns, Relations, and Algebra; Geometry; Measurement; and Data Analysis, Statistics, and 
Probability.  These five strands played a large role in the material I taught in each of my classes. 
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7th Grade Math 
 Students in 7th grade math were just being introduced to concepts of Probability and 
Algebra.  Explanations of unknowns and variables were discussed in detail.  We spent quite a bit 
of time on combining like-terms and the concept of exponents, as it related to variables. 
On March 17th, a lesson was taught (Appendix 1A – Lesson Plan for the Fundamental 
Counting Principle) concerning the Fundamental Counting Principle.  Students were introduced 
to the number of possible outcomes for practical actions, such as rolling a number cube or 
tossing a coin.  This lesson covered Massachusetts standard 8.D.4 as well as Colorado Standard 
7.SP.8-i and 7.SP.8-iii. 
7th grade standard math was designed to prepare students for 8th grade Pre-Algebra by 
introducing them to basic Algebraic concepts.  Although this course barely scratched the 
surface of Algebra, it gave them some idea of what to expect for the following year. 
Pre-Algebra 
Pre-Algebra is a class designed for non-advanced math students to learn concepts that 
will be presented to them in Algebra I.  According to the Lewis-Palmer High School Website, 
“Students will continue to strengthen and reinforce basic mathematical skills as they begin to 
build the reasoning and patterning skills required to be successful in Algebra I.” (LPHS 
Scheduling and Course Handbook). 
 Basic Algebraic concepts were taught including understanding variables, combining like-
terms, solving equations, graphing the solutions to equations, and applying Algebra to real-life 
problems.  Many lessons that were taught covered multiple standards, such as a lesson on 
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inequalities on March 16, 2011 (Appendix 1B – Lesson Plan for Inequalities).  This lesson was 
designed to introduce students to the concept of algebraic inequalities and their application on 
a number line.  This lesson covered MA standards 8.N.1, 8.N.9, and 8.N.12, while 
simultaneously covering those standards from Colorado: 8.EE.7i and 8.EE.7ii.  
 Students in Pre-Algebra were expected to be proficient enough in basic algebraic 
concepts to advance to Algebra I.  These concepts were deemed essential for high school, thus, 
students that performed poorly in Pre-Algebra were placed in the class again for the following 
year. 
Geometry 
 Students in the Geometry class were exposed to multiple strands on a daily basis.  These 
students were twice advanced and were placed in the most advanced Math class that LPMS 
offers.  Daily, students solved problems relating to Geometry and were required to use Algebra 
constantly.  Students also solved problems algebraically and subsequently compared their 
results in a practical experiment. 
 On April 6th, the lesson was based on Volume of Cones and Cylinders (Appendix 1C – 
Lesson Plan for Volume of Cone and Cylinder).  Students calculated the volume of a glass 
beaker, and then as a class they compared their values to the real volume.  Students filled the 
glass beaker with water, measured the amount of water in the beaker (in mL), and then 
converted then converted their answer from mL to cm3.  Many students enjoyed the fact that 
their answers were very close to that of the volume obtained experimentally.  Finally, students 
were asked to explain why the experiment may produce slightly different results from their 
calculations (due to the fact that the beaker was not a true cylinder.  
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Chapter 3: Materials 
Periods 1 and 2: Pre-Algebra 
Periods 1 and 2 followed nearly identical lesson plans each day.  It was very important 
that I didn’t teach lessons too quickly, because some students would have trouble following the 
material.  However, I quickly found that I if I slowed down too much, the more advanced 
students would become bored with the material and distract those around them.  Finding the 
medium was a fine line that I was constantly trying to meet. 
On occasion, I would begin class with a warm up problem (Appendix 2A – Example of 
Warm-Up Problem).  Because Pre-Algebra was at the beginning of the day for my team, I found 
it was important to get students thinking about Math from the very beginning.  The warm-up 
would be based on the previous night’s homework and students were expected to work on the 
warm-up individually. 
If I didn’t begin class with a warm-up problem, I would begin class by reviewing the 
previous night’s homework (Appendix 1D – Example of Homework Assignments Review).  I 
would read answers aloud while students graded themselves using a pen.  I would read all of 
the answers, and afterwards I would answer any questions that they might have had.  By 
completing homework problems using the document camera, students could see exactly where 
they made their mistakes.  I spent quite a bit of time reviewing homework, because if they 
didn’t understand the previous night’s work, chances were they would not understand the 
current day’s material.  I would consistently allocate 10-15 minutes completing this.  After 
reviewing the homework, the students would turn their assignments into the box to be graded 
and entered into Infinite Campus. 
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The daily lesson then began.  I would always begin a new section of the book by 
reviewing vocabulary terms.  I would copy a vocabulary sheet for each unit and students were 
expected to keep these in a safe place for the remainder of the unit (Appendix 2B – Example of 
Vocabulary Worksheet).  New vocabulary words were introduced by asking the class for input 
as to what each term meant. I was very careful to give the definition from the book, as well as 
an example to solidify understanding.  If I felt it was necessary, I would also give a working 
definition.  
Lessons on new material would incorporate example problems done on the board 
(Appendix 2C – Example of In-Class Problems), then move to individual work.  For Pre-Algebra 
students, I found that it was important to ensure that students were able to work problems by 
themselves instead of relying on their classmates for assistance.  We would then review each 
problem as a class.  Students then had the opportunity to work in small groups to solve slightly 
more difficult problems.  Although some students continued to work individually, most took the 
opportunity to get input from their classmates.  I would then have groups of kids come up to 
the board and present their answers.  The rest of the class would provide feedback as to how 
the group completed the work. 
During my lessons, I did my best to incorporate technology as much as possible.  For 
instance, on numerous occasions, I utilized an online graphing calculator to compare students’ 
answers to the correct answer (Appendix 2D – Screenshot of Online Graphing Calculator).  I 
found that I was very easy to explain concepts such as slope and y-intercept using a graphing 
calculator on the computer.  It was also beneficial for students to see how changing these 
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values would change the graph of the functions.  By far the best feature of the online graphing 
calculator was being able to plot points, and show that the corresponding linear function 
intersected each of these points.  This tool ended up being a large help, and I got a lot of 
positive feedback from it. 
Also, The Geometer’s Sketchpad was implemented to show different mathematical 
properties.  For example, it was used to show that any point on a line would make the 
corresponding linear function a true statement (Appendix 2E – Screenshot of The Geometer’s 
Sketchpad: Linear Function).  Also, the sketchpad was used to show inequality functions 
(Appendix 2F - Screenshot of The Geometer’s Sketchpad: Inequality).  I would graph a line and 
shade the region that made the inequality true.  A cursor was then able to be dragged around 
the shaded region, and the inequality would change values.  Students were able to see the fact 
that points located in the shaded region made the statement true, while point outside made 
the statement false. 
Students were then assigned homework for the night (Appendix 2G – Example 
Homework Assignments), and quite often had 5-10 minutes to start it.  Many students used this 
time to ask questions of me about the material if they were having trouble. 
Geometry 
Both Geometry classes were held later on in the day, after lunch.  I found that students 
were more active and more willing to participate during these times.  I would run class quite 
similarly to that of the Pre-Algebra classes, but because these students were twice advanced, I 
expected them to be able to move more quickly though the material. 
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Again, I would begin every class by reviewing the previous night’s assignment.  Almost 
everyone in Geometry took the homework very seriously, and quite often I had students e-mail 
me overnight about issues they were having.  We would directly review these questions as well 
as any others the students had on the following day. 
Just as we did in Pre-Algebra, new lessons were introduced using vocabulary.  As a 
reward for filling out their vocabulary sheets, students were allowed to use these definitions on 
their assessments.   
I presented lessons on the board and students would take notes.  Students were 
encouraged to ask questions about the material, and also about the reasoning behind 
mathematical theories and laws.  Often times I was put on the spot, and was required to think 
about properties myself in order to provide reasoning to the “why” questions. 
Because Geometry was an advanced class, I would provide my students with “fun” 
problems each day (Appendix 2H – Example “Fun” Problem).  These questions were well 
thought out and pertained to the material that we had covered that day.  In addition these 
questions often required students to use materials from previous lessons and even knowledge 
from Algebra I.  Many students groaned when I put the “fun” problem up on the board because 
it required quite a bit of thinking, but most students rose to the occasion and gave it quite a bit 
of thought.   
Many times students were able to solve the majority of the problem, but get stuck at 
the end.  After students had an opportunity to think about it for a few minutes, I would do the 
problem myself.  I would complete it, start to finish, on the board to make sure everyone 
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understood it.  Although these problems almost never made it on to the test, it required the 
kids to apply their knowledge in a practical way.  This ability to critically reason will help them in 
their future math endeavors. 
Students were assigned homework every day, and again, had the opportunity to ask 
questions before they left for the day. 
Academic Enrichment (AE) 
AE (comparable to homeroom) was a time when students were expected to work on 
homework for any of their classes and to get help if they needed it.  Almost daily students 
would come to my classroom to ask questions.  Occasionally, I would suggest to students that 
were having issues to stay after school or to come in for lunch the following day to get extra 
help. 
I found that AE was a good time for students to ask questions without being under 
pressure from their peers.  Although this time wasn’t designed for one-on-one help sessions, 
quite a few times it ended up being just that.  AE turned out to be an invaluable time for both 
me and my students to evaluate their comprehension of the material. 
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Chapter 4: Students 
Overview 
 Students at Lewis-Palmer Middle School are organized by grade.  They are then further 
divided into 4 teams: Red, Blue, Silver, and Gold.  Students are assigned a team prior to the 
start of the school year.  Four teachers are assigned to each team, one for each of the subjects: 
Language Arts, Social Studies, Science, and Math. 
Teaming 
Overview 
LPMS utilizes a Teaming model.  As opposed to the Junior High model, Teaming is designed to 
be a transition period, where students have the opportunity to be immersed having multiple 
teachers as is the model in High School, while still having the support system present in 
Elementary School.  It has a number of benefits (Collette): 
• Smaller Learning Communities 
• Interdisciplinary Units 
• Student-Centered 
• Better communication between teachers and parents 
Ideology 
 Teaming is designed to educate the “whole child”.  Because the Middle School time 
period is a time in a child’s life where they will develop more physically, emotionally, and 
academically than any other period of their life, Lewis-Palmer deems this as an imperative 
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program.  It helps to teach students become independent learners and by self-advocacy, while 
simultaneously helping them grow socially.   
Implementation 
 Daily, each team has a meeting to discuss the status of their students.  This meeting is 
deigned to assess the success of students and discuss ways to help their team as a whole, as 
well as individual students.  Weekly, an administrator will be present at this meeting, as well as 
a social worker and/or special education specialist as required.  In addition, the PLAN meeting is 
a time for teachers to discuss co-teaching integrated lessons.  Teachers are very concerned with 
not assigning large assignment that would coincide with those of other teachers. 
Outlook 
Because the Teaming model doesn’t utilize departments, the number of teachers 
required increases significantly.  Instead of a teacher teaching 5-6 classes a day, one teacher 
only teaches 4.  District wide budget cuts have threatened the Teaming model, but pushes from 
the administrations, as well as the student and parent population in the district has kept 
Teaming in effect at LPMS. 
Student Interaction 
 From personal experience, I found that as a student myself, teachers interacting with 
me on a personal level gave me more of an interest in their class.  By doing something as calling 
on me using my first name, I felt as though they were putting effort into getting to know me.  
This was a very important challenge for me when I first started teaching.  I began learning 
names within the first couple of days that I was in the classroom, and knew almost all of my 
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students’ names within a couple of weeks.  I immediately noticed a change in my students’ 
behavior as I did this. 
I made it a point to learn about the lives of my students.  I would ask them questions 
about what they did on the weekend, and what interests they had.  In addition, I made sure to 
tell them about my life.  I spoke to them about my interests and also about my struggles, 
especially as it applied to my education in Math.  Students were very surprised to hear that I 
struggled in High School with my Math classes, and Math hasn’t always come easily to me.  By 
my students knowing that I had to put a lot of work into learning Math, they became more 
interested in asking questions and getting extra help.  It helped them realize that I wasn’t going 
to look down on them because they didn’t understand something, and also helped them to 
realize that teachers are real people too. 
Parent Interaction 
 The socio-economic status of the Tri-Lakes region, as stated in Chapter 1, is quite high.  
Studies show that with increased socio-economic status, parents become more involved in their 
children’s academic achievements (Desforges and Abouchaar).  Because of the socio-economic 
status of the District 38 community, it seemed as though a large majority of parents were 
invested in their child’s learning.  On multiple occasions I contacted parents through phone and 
e-mail concerning their children.  I found it especially useful to not only contact parents about 
behavior and academic problems, but also to contact them when their child was doing well.  I 
got a great response to positive communication, and realized that not many teachers at LPMS 




 The students in my first period Pre-Algebra class for the most part were very well 
behaved.  This may have been due to the fact that they were still somewhat tired, seeing as 
that the class was at 7:30 in the morning.  Students were mostly quiet while I was teaching, but 
also seemed somewhat unwilling to interact with their classmates during group assignments.   
 On the other hand, my second period Pre-Algebra class was completely different, and I 
struggled quite a bit with their class.  These students were very social – sometimes to the point 
that I couldn’t teach.  I had to separate student continuously, as well as make sure they were 
actually doing work.  Second period had quite a few students that didn’t complete the nightly 
homework, and missed school quite a bit for vacations and sicknesses.  This was reflected quite 
a bit in their grades.  The only saving grace in this group of kids was students policing each 
other.  On numerous occasions, especially when I first started, a handful of students that most 
others looked up to would quiet down the entire class.   I thought that the fact that kids acted 
as role models for each other was phenomenal. 
 My fifth period Geometry class was social as well.  There were approximately 20 
students, and they liked to interact with one another.  However, these students were placed 
into this twice advanced class because they had earned it, and they realized this.  They knew 
that if they didn’t pass the class with a grade above a C, that they were going to have to take it 
again in High School.  Most of the time, problems arose when the students finished their in-
class and nightly homework early, and had nothing else to do.  I had to plan around this, and we 
ended up covering much more material than required. 
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 Finally, during my sixth period class, the students were what every new teacher hopes 
for.  They were somewhat social, but were very interested in what I had to teach.  I had almost 
no behavior issues with them.  For a majority of the time, every single student turned in every 
single assignment.  Students would come up and speak with me if they had issues and would 
come in for extra help if they needed it.  They worked very diligently, and were an absolute 
pleasure to interact with on a daily basis. 
 Overall, I learned that most students can be kept on tract simply by interacting with 
them personally.  I would call on a student in class if I knew they weren’t paying attention, and 
they would immediately get refocused on the task at hand.  About half way through my 
teaching, I implemented seating charts, on the recommendation of my supervising teacher.  
She suggested that it would be a good way to separate social students permanently, thus 
helping the class be more productive.  If a student was still having issues, he or she was asked 
to leave class, and then spoken with soon after. 
Teaching Style 
 I learned from a young age that when teachers lectured, I didn’t learn very well.  
Lecturing can be a very effective form of teaching, so long as there are other methods used as 
well.  I was very aware of this when I taught. 
 During my teaching, I was very careful to use a number of different teaching styles to 
help my student succeed.  Normally, I would begin class by taking attendance, and reviewing 
the previous night’s homework.  Subsequently, I would give students definitions, and describe 
math concepts using words.  Then, I would give examples. The first example I normally did on 
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my own, and the examples after that were used with student participation.  Then, I would put a 
new example or two on the board and each student would work on the problems individually.  
This gave each student the opportunity to think about the problems on their own, without 
anybody else interrupting them.  After that, I would allow the students to speak with one or 
two of their classmates to solve it.  Finally, I would put the problems on the board again, and 
invite students to come to the front of the classroom to solve it.  As they did this, I required 
them to explain why they completed each step, and was very careful to make sure everyone 
else in the class understood. 
By allowing students to interact with one another while solving their problems, they 
were much less likely to talk while I was teaching.  For the most part, they showed their peers 
respect while they were explaining their work.  At the end of the year, many students told me 
how much they liked my model of teaching. 
Self-Advocacy 
 At the beginning of my teaching period at LPMS, I immediately set a focus on students 
being responsible for themselves and taking the initiative to get help.  I would occasionally 
suggest that a student come in for lunch or after school to get extra help, but I wouldn’t track 
them down if they didn’t show up.  I explained to numerous students that in High School, 
teachers not only expect students to take control of their learning, but require it. 
In addition, I was very careful to post grades into Infinite Campus on a nightly basis, so 
students could always have an up-to-date view on how they were performing in my class.  Also, 
this was a great tool for parents to keep up on their child’s grades as well.  Through Infinite 
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Campus, I was able to look at how often the student and the parent logged in, and noticed a 
definite correlation between those students that stayed up to date on their grades and the lack 
of missing work they had. 
Students Overall 
 I was very fortunate to work in a school district that put such a high importance on both 
academic and personal growth of their students.  I realized that the interactions that take place 
between students and their teacher are what make teaching worthwhile.  I left LPMS at the end 
of the year feeling very accomplished, due in large part to students telling me what a big impact 




Chapter 5: Assessment 
Overview 
Assessments are very important for students, parents, teachers, and administrators to 
get a good idea as to whether or not students are comprehending material.  Assessments were 
administered both formally and informally throughout my time at Lewis-Palmer Middle School.  
Informal Assessments 
 I used homework as a daily informal assessment.  It is a good measure of how well 
students can apply their skills gain in class to practical problems in an individual working 
environment.  It is very easy for students to trick themselves into thinking they understand 
concepts in a class setting. Students truly discover if they comprehend information when try to 
apply concepts in an environment where they are alone and don’t have the support of other 
students or a teacher.   
I expected students to come to class on a daily basis with their homework complete.  If 
this wasn’t the case, I expected them to e-mail me with questions, come to speak with me 
before school or during lunch, or to ask questions at the beginning of class.  Quite a bit of time 
was dedicated to reviewing the previous night’s homework, because the math lessons that 
were taught were cumulative.  If a previous lesson wasn’t understood, chances are that they 
wouldn’t understand the current lesson.  Quite often, students requested an extra day to 
complete their homework.  I assessed the effort they had put into their homework the night 
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before, and if it looked like they had worked on it but struggled with it, I allowed them to turn 
in their assignment late without penalty. 
Formal Assessments 
Multiple formal assessments were administered to students during my time at LPMS. 
Quizzes 
Quizzes were given twice a chapter (Appendix 3A – Example Informal Assessments: 
Quizzes).  We would dedicate time to review for the quiz before it was given and subsequently 
to review the material after I had graded them.  After a quiz was given, the lesson schedule was 
revisited to account for students’ performance.  Quite often, we spent an extra day or two 
reviewing material prior to continuing on.   
Quizzes were administered from the Glencoe Teacher’s Edition textbook for the class.  
Multiple forms of the assessment were printed in the textbook, so many times I would assign a 
sample quiz for homework to prepare students for the types of questions they could expect for 
their exam.  The exams were created in such a way where they expected the student to not 
only know the basic material, but be able to apply it to everyday situations. 
  
Tests 
Tests were given at the end of each chapter and once again were pulled from the 
Glencoe Teacher’s Edition textbook (Appendix 3B – Example Pre-Algebra Formal Assessment: 
Test and Appendix 3C – Example Geometry Formal Assessment: Test).  One to two days were 
28 
 
dedicated to preparing for tests and answering questions.  On the day of the test, the entire 
period was dedicated to the test, and students who finished early were encouraged to check 
their work and also expected to bring extra work that they could work on silently, as to not 
distract other students. 
Once exams were graded, many students asked to retake their test.  I did not allow this 
because I felt as though it would be unfair to those students who studied.  Also I didn’t want to 
set the precedent that the original test could be used as practice. 
On one or two occasions, I observed that a student was rushing though his test.  After 
reviewing his test, I determined that many of him mistakes were careless.  For the next test, I 
pulled the student aside before class started and told him that he would be taking his test in the 
office conference room.  At first he was apprehensive, but he agreed.  He spent the entire 
period taking the test, and his scores reflected it.  At the end of the year, he thanked me for 
doing this and told me he would make a strong effort to take his time on tests in the future. 
The Geometry class at LPMS counts for high school credit, so those students completed 
a district-wide standardized final exam.  See Appendix 3D – Example Geometry Formal 
Assessment: Final Exam for 2 samples of the Geometry final, one completed by a student higher 
than average student, and one completed by a lower than average student.  This final exam was 
heavily coordinated so ensure that students taking Geometry at LPMS were held to the same 
standards as those taking the class in high school.  The Geometry final material was reviewed 
for two weeks before the test was administered.  The Geometry students in my class had a 90% 




 As I began my student teaching, students were participating in the Colorado Student 
Assessment Program.  All students are required to partake in this statewide assessment.  I 
learned quite a bit about the CSAP process as it applied to proctoring and posttest 
administration.  Students tested three days a week for two weeks and completed tests in the 
areas of Reading, Writing, and Math.  The Math CSAP tests are designed to compare student 
performance in relationship to their peers in the 6 Colorado Model Content standards 
(Appendix 4A – Abbreviated Colorado Model Content Standards). 
Assessments Overall 
District 38 places a high importance on student achievement (#38), and this is chiefly 
measured by students’ success on assessments.  Assessment scores are reported online, and 
those statistics are monitored district-wide.  Student assessment scores determine a student’s 
level of success in a course as well as used heavily in the consideration of what math course to 





I had a very limited time a Lewis-Palmer Middle School, but the little time I spent there 
was nothing short of great.  I had nearly 8 hours of exposure to the middle school environment 
daily, and much of that time was spent with students.  During the periods of time that I wasn’t 
interacting with students directly, I was either planning for upcoming lessons or meeting about 
students’ progress. 
I believe I succeeded in meeting all 5 of the Massachusetts Professional Standards by 
effectively planning instruction (see Chapter 2: Courses and Frameworks), delivering these 
lessons in as many different ways as possible (see Chapter 3: Materials), and simultaneously 
maintaining a positive learning environment for all my students (see Chapter 4: Students).  In 
addition to this, I strived to maintain a high level of professionalism by maintaining my moral 
and ethical responsibilities, as well as interacting with students, staff, and parents in a 
productive manner. 
If I decide to teach, I will have a lot of work ahead of me.  I will need to focus on 
classroom management and setting high expectations for a new group of students.  In addition I 
will continue to strive to find new, innovative ways to present material and make it applicable 
to my students’ lives.  Becoming a good teacher takes not just subject knowledge, but years of 
experience – mostly through trial and error. 
Because I taught for a short period of time, everyday it was crucial for me to always stay 
on top of grading work, provide effective lessons for students, and maintain student 
relationships.  I found that instead of my young age being a hindrance to my teaching abilities, 
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it ended up being a large benefit.  Since I had only been out of middle school for 7 years, I found 
that I was able to connect with my students on a more meaningful level.  I understood what it 
was like to struggle though Math and realized how much work that I have to put in for Algebra 
concepts to make sense to me.  I found it particularly helpful to explain difficult material to 
students in the way that it made sense to me back when I was in middle school.   
Many of my students felt as though I was someone they could trust as well as relate to, 
and because of that, they felt free to tell me what was happening in their lives.  I became very 
close to my students by the end of my student teaching.  This made it very difficult to say 
goodbye at the end of the year, and see them move on - not just to the next grade, but to a 
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Appendix 1A – Lesson Plan for the Fundamental Counting Principle 
Fundamental Counting Principle 
 
Matthew C. Zubiel 
Student Teacher 
Lewis-Palmer Middle School 
March 17, 2011 
 
Discipline/Subject:  7 Grade 
Standard Math 
Grade Level: 7th 
Lesson Type: Introductory 
(visual, auditory, kinesthetic) 
Approximate length of lesson:  55 minutes 
Topic Fundamental Counting Principle 
Rationale This activity introduces students to the Fundamental Counting Principle 
by analyzing different ways to make decisions in everyday life. 
Prerequisite Knowledge Knowledge of basic multiplication and logic are required. 
Instructional/Informational 
Objectives 
 Performance:  Students will be able to calculate number of 
outcomes in different situations 
 Product:  Students will complete a vocabulary introduction, 
examples completed as a group and individually, and a homework 
assignment. 
 Conditions:  The activity initially takes place in a cooperative class 
setting and then move to individual work. 
 Criterion:  Students should complete vocabulary worksheets, in-
class examples, and begin their homework assignment (possibly 
complete it) in class.  Any homework not completed should be 
completed before Friday’s class. 
MA Curriculum Frameworks Use tree diagrams, tables, organized lists, basic combinatorics 
(“fundamental counting principle”), and area models to compute 
probabilities for simple compound events, e.g., multiple coin tosses or 
rolls of dice. (8.D.4) 
CO Model Content Standards Find probabilities of compound events using organized lists, tables, tree 
diagrams, and simulation. (CCSS: 7.SP.8) 
Represent sample spaces for compound events using methods such as 
organized lists, tables and tree diagrams. (CCSS: 7.SP.8b) 
For an event8 described in everyday language identify the outcomes in 
the sample space which compose the event. (CCSS: 7.SP.8b) 
Materials 1. Lesson 9 Vocabulary Builder 
2. 9-3 Study Guide and Intervention 
Procedure  Pre Initiation:  Review and grading of the previous night’s 
homework (section 9-6) is conducted. 
 Initiation: Students complete vocabulary words as a class with 
teacher input.  Depictions of terms through diagrams will be shown 
to solidify definitions  (15 Minutes) 
 Development:  Students work as a class to solve two example 
problems.  (15 minutes) 
 Closing:  Students will begin working on homework and ask 
questions if further clarification is needed.  (15  Minutes) 
Assessment Measures: Although a student arriving at the correct answer for objective 
problems is important, the real assessment measure is the level of 
understanding of how outcomes can be calculated efficiently. 
Extension/Backup Activity If students finish the assignment early, they will be free to work on 
other homework. 
Post-teaching Evaluation To be completed later 
Student Evaluation Will be covered on Chapter 9 Test 
Self Evaluation What questions did students ask? 
Did I cover all aspects needed for the assignment? 
 
Sources of information: 
 Glencoe Mathematics 
 Geometry – Teacher Wraparound Edition  
 Chapter 13 – Resource Masters 
 Instructional Objectives: 
 http://www.edci.purdue.edu/vanfossen/InstructionalObjectives.html 
 MA Curriculum Framework: 
 http://www.doe.mass.edu/frameworks/math/2000/pat9.html 











Appendix 1C – Lesson Plan for Volume of Cone and Cylinder 
  
Volume of Cones and Cylinders 
 
Matthew C. Zubiel 
Student Teacher 
Lewis-Palmer Middle School 




Grade Level: 8th (twice advanced) 
Lesson Type: Introductory 
(visual, auditory, kinesthetic) 
Approximate length of lesson:  55 minutes 
Topic Introduction to finding volumes of cones and cylinders. 
Rationale This activity introduces students to volume.  Formulas are introduced 
for volumes of cones and cylinders, and an demonstration is conducted 
in which the volume formula for cylinders is proven. 
Prerequisite Knowledge Knowledge of basic trigonometry and finding areas of shapes is 
required.   
Instructional/Informational 
Objectives 
 Performance:  Students will be able to find the volume of any 
sphere. 
 Product:  Students will complete a vocabulary introduction, 
examples completed as a group and individually, and a homework 
assignment. 
 Conditions:  The activity initially takes place in a cooperative class 
setting and then move to individual work. 
 Criterion:  Students should complete vocabulary worksheets, in-
class examples, and begin their homework assignment (possibly 
complete it) in class.  Any homework not completed should be 
completed before Tuesday’s class. 
MA Curriculum Frameworks 10.G.5 Solve simple triangle problems using the triangle angle sum 
property and/or the Pythagorean theorem  
10.P.4 8.G.7 Identify three-dimensional figures (e.g., prisms, pyramids) 
by their physical appearance, distinguishing attributes, and 
spatial relationships such as parallel faces.  
8.G.8 Recognize and draw two-dimensional representations of three-
dimensional objects, e.g., nets, projections, and perspective 
drawings.   
8.G.5 Use a straight-edge, compass, or other tools to formulate and 
test conjectures, and to draw geometric figures. 
 
CO Model Content Standards Visualize relationships between two-dimensional and three-dimensional 
objects. (CCSS: G-GMD) 
 
Apply geometric methods to solve design problems. (CCSS: G-MG.3) 
 
Apply the Pythagorean Theorem to find the distance between two 
points in a coordinate system. (CCSS: 8.G.8) 
Materials 1. Lesson 13 Vocabulary Builder (provided in-class on Monday, Mar28) 
2. 13-1 Practice – Surface Areas of Cones 
Procedure  Pre Initiation:  Review of the quiz given last week is conducted. 
 Initiation: Students complete vocabulary words as a class with 
teacher input.  Depictions of terms through pictures will be shown 
to solidify definitions  (15 Minutes) 
 Development:  Students work as a class to solve two example 
problems.  Also, a demonstration is conducted to prove the volume 
formula for a cylinder. (15 minutes) 
 Closing:  Students will begin working on homework and ask 
questions if further clarification is needed.  (15  Minutes) 
Assessment Measures: Although a student arriving at the correct answer for objective 
problems is important, the real assessment measure is the level of 
understanding of how volumes can be calculated efficiently. 
Extension/Backup Activity If students finish the assignment early, they will be free to work on 
other homework. 
Post-teaching Evaluation To be completed later 
Student Evaluation Will be covered on Chapter 12/13 Test 
Self Evaluation What questions did students ask? 
Did I cover all aspects needed for the assignment? 
 
Sources of information: 
 Glencoe Mathematics 
 Geometry – Teacher Wraparound Edition  
 Chapter 13 – Resource Masters 
 Instructional Objectives: 
 http://www.edci.purdue.edu/vanfossen/InstructionalObjectives.html 
 MA Curriculum Framework: 
 http://www.doe.mass.edu/frameworks/math/2000/pat9.html 




























Appendix 2D – Screenshot of Online Graphing Calculator 
  
The online graphing calculator is utilized in my classes is provided by Holt McDougal and is provided 
online at no cost.   






















Appendix 2H – Example “Fun” Problem 
  























Appendix 3D – Example Geometry Formal Assessment: Final Exam 
Note: Appendix 3D contains two completed Geometry Finals.  Appendix 3D-1 shows a final 
completed by a below average Geometry student, while Appendix 3D-2 shows a final completed 



































Appendix 4A – Abbreviated Colorado Model Content Standards 
 
 Abbreviated Colorado Model Content Standards located at 
http://www.cde.state.co.us/cdeassess/documents/OSA/standards/math.htm 
  
Abbreviated Colorado Model Content Standards copied form 
http://www.cde.state.co.us/cdeassess/documents/OSA/standards/math.htm 
INTRODUCTION  
Colorado Model Content Standards for Mathematics 
Responsible and productive members of today's technological society need to have a broad, connected, and useful knowledge of 
mathematics. The Colorado Model Content Standards for Mathematics are designed to serve as a guide for school districts as 
they define standards that will enable every Colorado student to develop the mathematical literacy needed for citizenship and 
employment in the 21st century.  
"Today's students will live and work in the 21st century, in an era dominated by computers, by worldwide communication, and 
by a global economy. Jobs that contribute to this economy will require workers who are prepared to absorb new ideas, to perceive 
patterns, and to solve unconventional problems. Mathematics is the key to opportunity for these jobs." 1  
Mathematics is not simply a collection of facts and procedures, and doing mathematics is not simply recalling these facts, nor 
performing memorized procedures. Mathematics is a coherent and useful discipline that has expanded dramatically in the last 25 
years. The mathematics students study in school must reflect these changes, and the ways students study mathematics must 
capitalize on the growth in our understanding of how students learn.  
"There has been a mentality that you have to be ... special to be successful in mathematics, that you have to be the best and the 
brightest. Well, we are demystifying mathematics. We can no longer say that there is any segment of society that doesn't need 
mathematics." 2  
Three questions have guided the development of the Colorado Model Content Standards for Mathematics: What is mathematics? 
What does it to mean to know, use, and do mathematics? What mathematics should every Colorado student learn?  
Responses to these questions have resulted in six goals, adapted from those of the National Council of Teachers of Mathematics 
3, that serve as the framework for the Colorado Model Content Standards for Mathematics. The six goals that Colorado students 
should reach are stated on the following page.  
1 L. Steen, (1989), "Teaching Mathematics for Tomorrow's World", Educational Leadership, 47: 18-22.  
2 Quote by Iris Carl found in A. Wheelock, (1992), Crossing the Tracks, (New York: The New Press).  
3 National Council of Teachers of Mathematics, (1989), Curriculum and Evaluation Standards for School Mathematics, (Reston, 
VA: author).  
Six Goals for Colorado Students of Mathematics 
• Become mathematical problem solvers. To be problem solvers, students need to know how to find ways to reach a goal 
when no routine path is apparent. To develop the flexibility, perseverance, and wealth of strategies that are 
characteristic of good problem solvers, students need to be challenged frequently and regularly with non-routine 
problems, including those they pose themselves.  
• Learn to communicate mathematically. The development of students' power to use mathematics involves learning the 
signs, symbols, and terms of mathematics. This is best accomplished in problem situations where students have an 
opportunity to read, write, and discuss ideas in the language of mathematics. As students communicate their ideas, they 
learn to clarify, refine, and consolidate their thinking.  
• Learn to reason mathematically. Students who reason mathematically gather data, make conjectures*, assemble 
evidence, and build an argument to support or refute these conjectures. Such processes are fundamental to doing 
mathematics.  
• Make mathematical connections. The study of mathematics should provide students with many opportunities to make 
connections among mathematical ideas (for example, the connection between geometric and algebraic concepts) and 
among mathematics and other disciplines (for example, art, music, psychology, science, business). The curriculum 
should portray mathematics as an integrated whole that permeates activities both in and out of school. These 
connections make mathematics meaningful and useful to each Colorado student.  
• Become confident of their mathematical abilities. As a result of studying mathematics, students need to view 
themselves as capable of using their growing mathematical power to make sense of new problem situations in the world 
around them. School mathematics must endow all students with a realization that doing mathematics is a common 
human activity. Students learn to trust their own mathematical thinking by having numerous and varied experiences.  
• Learn the value of mathematics. In addition to providing the tools to solve problems, mathematics provides a way of 
thinking about and understanding the world around us. Students should have numerous and varied opportunities to 
think mathematically about their world. They should also explore the cultural, historical, and scientific evolution of 
mathematics so that they can appreciate the role of mathematics in the development of our contemporary society.  
The following Colorado Model Content Standards for Mathematics provide a new vision of the content students should study in 
order to achieve these goals. The standards reinforce the need for technical skills, long a goal of school mathematics, and also the 
need to know when to apply them and why they work. They also broaden considerably the context in which these technical skills 
might be attained. Students who have a working knowledge of the mathematics in each of these standards will be better able to 
reason critically, vote responsibly, and work productively in today's complex world.  
*A glossary of terms can be found at the end of this document.  
Colorado Model Content Standards  
MATHEMATICS 
1. Students develop number sense and use numbers and number relationships in problem-
solving situations and communicate the reasoning used in solving these problems.  
2. Students use algebraic methods to explore, model, and describe patterns and functions involving numbers, shapes, data, and 
graphs in problem-solving situations and communicate the reasoning used in solving these problems.  
3. Students use data collection and analysis, statistics, and probability in problem-solving situations and communicate the 
reasoning used in solving these problems.  
4. Students use geometric concepts, properties, and relationships in problem-solving situations and communicate the reasoning 
used in solving these problems.  
5. Students use a variety of tools and techniques to measure, apply the results in problem-solving situations, and communicate the 
reasoning used in solving these problems.  
6. Students link concepts and procedures as they develop and use computational techniques, including estimation, mental 
arithmetic, paper-and-pencil, calculators, and computers, in problem-solving situations and communicate the reasoning used in 
solving these problems.  
STANDARD 1: 
Students develop number sense and use numbers and number relationships in problem-solving situations and communicate the 
reasoning used in solving these problems.  
In order to meet this standard, a student will  
• construct and interpret number meanings through real-world experiences and the use of hands-on materials;  
• represent and use numbers in a variety of equivalent forms (for example, fractions, decimals, percents, exponents, 
scientific notation);  
• know the structure and properties of the real number system (for example, primes, factors, multiples, relationships 
among sets of numbers); and  
• use number sense, including estimation and mental arithmetic, to determine the reasonableness of solutions.  
RATIONALE 
Numbers play a vital role in our daily lives, from cooking to reading the newspaper to performing jobs. Because we use numbers 
to measure, to count, to order, and to label, it is important to understand the many uses of numbers. These include knowing both 
the symbols for and the meanings of various kinds of numbers, including whole numbers, fractions, decimals, percents, roots, 
exponents, logarithms, and scientific notation.  
Number sense is "common sense" about numbers. Students with number sense recognize the relative magnitudes of numbers and 
relationships between numbers; for example, 1/2 is equivalent to .5 and 50%. In addition, they have references for measures of 
common objects and situations in the environment. They know how much a million is and how much a loaf of bread costs. 
Developing number sense strengthens students' ability to acquire basic facts, to solve problems, and to determine the 
reasonableness of results.  
GRADES 5-8 
As students in grades 5-8 extend their knowledge, what they know and are able to do includes  
• demonstrating meanings for integers, rational numbers, percents, exponents, square roots, and pi (¼) using physical 
materials and technology in problem-solving situations;  
• reading, writing, and ordering integers, rational numbers, and common irrational numbers such as ˆ2, ˆ5, and ¼;  
• applying number theory concepts (for example, primes, factors, multiples) to represent numbers in various ways;  
• using the relationships among fractions, decimals, and percents, including the concepts of ratio and proportion, in 
problem-solving situations;  
• developing, testing, and explaining conjectures about properties of integers and rational numbers; and  
• using number sense to estimate and justify the reasonableness of solutions to problems involving integers, rational 
numbers, and common irrational numbers such as ˆ2, ˆ5, and ¼.  
STANDARD 2 
Students use algebraic methods to explore, model, and describe patterns and functions involving numbers, shapes, data, and 
graphs in problem-solving situations and communicate the reasoning used in solving these problems.  
In order to meet this standard, a student will  
• identify, describe, analyze, extend, and create a wide variety of patterns in numbers, shapes, and data;  
• describe patterns using mathematical language;  
• solve problems and model real-world situations using patterns and functions;  
• compare and contrast different types of functions; and  
• describe the connections among representations of patterns and functions, including words, tables, graphs, and 
symbols.  
RATIONALE 
The study of patterns, functions, and algebra helps learners to recognize and generalize patterns; identify and clarify functional 
relationships; and represent and manipulate these relationships verbally, numerically, symbolically, and graphically. Symbolic 
representation, including the many interpretations of the concept of variable, is important but only one of many ways to represent 
patterns and functions. Students who are adept at identifying and classifying patterns and functional relationships are better able 
to use these relationships in real situations, both in school and out. The portrayal of functions and algebra in this standard is 
broader, deeper, more connected, and more useful to learners than in the traditional high school algebra curriculum.  
Because the understandings developed through this standard are critical to success in mathematics and to the appropriate use of 
quantitative reasonings in other disciplines, students should explore and use the ideas of functions, patterns, and algebra from 
kindergarten through 12th grade.  
GRADES 5-8 
As students in grades 5-8 extend their knowledge, what they know and are able to do includes  
• representing, describing, and analyzing patterns and relationships using tables, graphs, verbal rules, and standard 
algebraic notation;  
• describing patterns using variables, expressions, equations, and inequalities in problem-solving situations;  
• analyzing functional relationships to explain how a change in one quantity results in a change in another (for example, 
how the area of a circle changes as the radius increases, or how a personÕs height changes over time);  
• distinguishing between linear and nonlinear functions through informal investigations; and  
• solving simple linear equations in problem-solving situations using a variety of methods (informal, formal, graphical) 
and a variety of tools (physical materials, calculators, computers).  
STANDARD 3: 
Students use data collection and analysis, statistics, and probability in problem-solving situations and communicate the reasoning 
used in solving these problems.  
In order to meet this standard, a student will  
• solve problems by systematically collecting, organizing, describing, and analyzing data using surveys, tables, charts, 
and graphs;  
• make valid inferences, decisions, and arguments based on data analysis; and  
• use counting techniques, experimental probability, or theoretical probability, as appropriate, to represent and solve 
problems involving uncertainty.  
RATIONALE 
Statistics are used to understand how information is processed and translated into usable knowledge. Through the study of 
statistics, students learn to collect, organize, and summarize information. Students also need to know how to interpret data and 
make decisions based on their interpretations. Probability is part of this standard because statistical data are often used to predict 
the likelihood of future events and outcomes. Students learn probability - the study of chance - so that numerical data can be used 
to predict future events as well as record the past. A command of statistics and probability is important in adult life.  
GRADES 5-8 
As students in grades 5-8 extend their knowledge, what they know and are able to do includes  
• reading and constructing displays of data using appropriate techniques (for example, line graphs, circle graphs, scatter 
plots, box plots, stem-and-leaf plots) and appropriate technology;  
• displaying and using measures of central tendency, such as mean, median, and mode, and measures of variability, such 
as range and quartiles;  
• evaluating arguments that are based on statistical claims;  
• formulating hypotheses, drawing conclusions, and making convincing arguments based on data analysis;  
• determining probabilities through experiments or simulations;  
• making predictions and comparing results using both experimental and theoretical probability drawn from real-world 
problems; and  
• using counting strategies to determine all the possible outcomes from an experiment (for example, the number of ways 
students can line up to have their picture taken). 
STANDARD 4: 
Students use geometric concepts, properties, and relationships in problem-solving situations and communicate the reasoning used 
in solving these problems.  
In order to meet this standard, a student will  
• connect various physical objects with their geometric representation;  
• connect mathematical concepts from across the standards with their geometric representations;  
• recognize, draw, describe, and analyze geometric shapes in one, two, and three dimensions;  
• make, investigate, and test conjectures about geometric ideas; and  
• solve problems and model real-world situations using geometric concepts.  
RATIONALE 
Long before humans computed, they observed that the full moon, the iris of an eye, and circular ripples of water emanating from 
a cast stone all have the same shape. Recording and analyzing shapes and their properties eventually gave us the branch of 
mathematics called geometry. The process continues today as mathematicians develop powerful models of our world (for 
example, non-Euclidean geometry and fractals). Students who understand the concepts and language of geometry are better 
prepared to learn number and measurement ideas as well as other advanced mathematical topics. Students' spatial capabilities 
frequently exceed their numerical skills and tapping these strengths can foster an interest in mathematics and improve number 
understandings and skills.  
GRADES 5-8 
As students in grades 5-8 extend their knowledge, what they know and are able to do includes  
• constructing two- and three-dimensional models using a variety of materials and tools;  
• describing, analyzing, and reasoning informally about the properties (for example, parallelism, perpendicularity, 
congruence) of two- and three-dimensional figures ;  
• applying the concepts of ratio, proportion, and similarity in problem-solving situations;  
• solving problems using coordinate geometry;  
• solving problems involving perimeter and area in two dimensions, and involving surface area and volume in three 
dimensions; and  
• transforming geometric figures using reflections, translations, and rotations to explore congruence.  
STANDARD 5: 
Students use a variety of tools and techniques to measure, apply the results in problem-solving situations, and communicate the 
reasoning used in solving these problems.  
In order to meet this standard, a student will  
• understand and apply the attributes of length, capacity, weight, mass, time, temperature, perimeter, area, volume, and 
angle measurement in problem-solving situations;  
• make and use direct and indirect measurements to describe and compare real-world phenomena;  
• understand the structure and use of systems of measurement;  
• describe and use rates of change (for example, temperature as it changes throughout the day, or speed as the rate of 
change of distance over time) and other derived measures; and  
• select appropriate units, including metric and U. S. customary, and tools (for example, rulers, protractors, compasses, 
thermometers) to measure to the degree of accuracy required to solve a given problem.  
 
RATIONALE 
Every day, people measure to answer common questions: How long will it take? How high is it? How much will it hold? Using 
agreed-upon units, such as inches, paper clips, kilograms, heartbeats, paces, or degrees Celsius, we quantify the world in which 
we live. Measurement is one way to make numbers meaningful to students. Naturally, measurement is closely allied with 
geometry (for example, through angular, linear, area, and volume measurements), but measurement involves more than using a 
ruler and a protractor. Measuring diverse quantities involves making connections within mathematics and across the curriculum.  
GRADES 5-8 
As students in grades 5-8 extend their knowledge, what they know and are able to do includes  
• estimating, using, and describing measures of distance, perimeter, area, volume, capacity, weight, mass, and angle 
comparison;  
• estimating, making, and using direct and indirect measurements to describe and make comparisons;  
• reading and interpreting various scales including those based on number lines, graphs, and maps;  
• developing and using formulas and procedures to solve problems involving measurement;  
• describing how a change in an object's linear dimensions affects its perimeter, area, and volume; and  
• selecting and using appropriate units and tools to measure to the degree of accuracy required in a particular problem-
solving situation.  
STANDARD 6: 
Students link concepts and procedures as they develop and use computational techniques, including estimation, mental 
arithmetic, paper-and-pencil, calculators, and computers, in problem-solving situations and communicate the reasoning used in 
solving these problems.  
In order to meet this standard, a student will  
• model, explain, and use the four basic operations - addition, subtraction, multiplication, and division - in problem-
solving situations;  
• develop, use, and analyze algorithms; and  
• select and apply appropriate computational techniques to solve a variety of problems and determine whether the results 
are reasonable.  
RATIONALE 
Computation is an indispensable part of mathematics and our daily lives. We use it to balance our checkbooks, figure our taxes, 
and make business decisions. The basic facts of addition, subtraction, multiplication, and division are similarly indispensable. 
Today's students must be able to use a variety of computational tools and techniques including estimation, mental arithmetic, 
paper-and-pencil, calculators, and computers. Estimation and mental arithmetic serve a practical function in our daily lives, and 
help students develop meaning for numbers and understanding of number relationships. The use of calculators and computers is 
not intended to replace proficiency with basic facts. Appropriate uses of calculators and computers include solving real-world 
problems that may involve tedious or time-consuming computations or exploring number patterns to develop understanding of 
numbers and number relationships. Proficiency with basic facts is essential for knowing when and how to use each of these tools 
and techniques.  
Computational skill is related to "operation sense". Students with operation sense know when and how to use addition, 
subtraction, multiplication, and division, and are able to apply them to solve real-world problems. Students build operation sense 
by modeling their understanding of number operations and their properties, by describing how number operations are related to 
one another, and by seeing how the use of a particular operation changes the value of the numbers involved.  
Computational skill and operation sense go hand in hand with number sense. When children have a well-developed sense of 
number and operations, they can more easily evaluate the reasonableness of their solutions. The ability to apply computational 
skills and operation sense will extend students' mathematical power by giving them confidence in their ability to work with 
numbers and to solve problems in a variety of situations.  
GRADES 5-8 
As students in grades 5-8 extend their knowledge, what they know and are able to do includes  
• using models to explain how ratios, proportions, and percents can be used to solve real-world problems;  
• constructing, using, and explaining procedures to compute and estimate with whole numbers, fractions, decimals, and 
integers;  
• developing, applying, and explaining a variety of different estimation strategies in problem-solving situations, and 
explaining why an estimate may be acceptable in place of an exact answer; and  
• selecting and using appropriate methods for computing with commonly used fractions and decimals, percents, and 
integers in problem-solving situations from among mental arithmetic, estimation, paper-and-pencil, calculator, and 
computer methods, and determining whether the results are reasonable.  
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When we cannot use the compass of mathematics or the torch of experience 
. . . it is certain that we cannot take a single step forward.
– Voltaire
The 2000 Mathematics Curriculum Framework is one of seven sets of standards created to
advance educational reform in Massachusetts. It is the work of teachers and administra-
tors in pre-kindergarten through grade 12, mathematics education professors, university
mathematicians, and community members working with staff from the Department of
Education.
Organization of the document
The guiding principles articulate a set of beliefs about teaching, learning, and assessing
mathematics in Massachusetts. Five strands organize the mathematical content: Number
Sense and Operations; Patterns, Relations, and Algebra; Geometry; Measurement; and
Data Analysis, Statistics, and Probability. At the beginning of each strand are the broad
concepts from NCTM Standards 2000; they guide the clustering of the learning standards
in that strand. In grades PreK–6, each of the broad concepts is identified by an icon (: , l ,
s , n ), and the icon at the end of each standard indicates the NCTM concept to which it is
linked. Because the standards are grouped by broad concepts, the order in which they
appear in each grade span is not necessarily the order in which they might be taught.
The learning standards are organized by two-year grade spans or for single-year courses.
The grade spans are PreK–K, 1–2, 3–4, 5–6, 7–8, 9–10, and 11–12, and the courses are
Algebra I, Geometry, Algebra II, and Precalculus. Each learning standard in each grade
span or course has a unique identifier that consists of:
z the grade level (K, 2, 4, 6, 8, 10, or 12) or course (AI = Algebra I, G = Geometry, 
AII = Algebra II, and PC = Precalculus),
z the strand (N = Number Sense and Operations, P = Patterns, Relations, and Algebra, 
G = Geometry, M = Measurement, and D = Data Analysis, Statistics, and Probability), 
and
z the standard number.
For example, standard 4.G.6 is the sixth standard of the Geometry strand in the grades
3–4 grade span. Standard AI.P.12 is the twelfth standard of the Patterns, Relations, and
Algebra strand in the Algebra I course. This numbering system allows teachers to also
organize the standards by grade span. For example, sixth grade teachers preparing their
curriculum can distinguish grades 5–6 standards in each strand by identifying all of the
standards beginning with a 6.
Mathematics Curriculum Framework November 2000 1
Introduction
Mathematics Curriculum Framework November 20002
The learning standards specify what students should know and be able to do as learners
of mathematics at the end of each grade span or course. Students are held responsible 
for learning standards listed at earlier grade spans as well as their current grade span.
Following the standards are selected problems and activities that clarify the stan-
dards and help teachers use them. Those marked with a † are drawn from NCTM
Standards 2000. Each grade span also includes exploratory concepts and skills that
are not intended to be assessed at that grade level. The exploratory concepts and skills
usually appear as learning standards at a higher grade level and are assessed then. 
Throughout this document, the standards are written to allow time for study of additional
material at every grade level and for advanced courses in middle and high school. At the
secondary school level, the order of the standards is not meant to imply a necessary
sequence of topics. Not only is the sequence of topics flexible, but schools may also make
choices about course organization and sequence. Schools may offer a sequence of courses
emphasizing a particular mathematical subject or a sequence of multistrand courses. For
schools choosing to offer courses that emphasize one subject, the document provides sets 
of standards for Algebra I, Geometry, Algebra II, and Precalculus. Schools may choose to
offer Geometry before or after Algebra II. As the Department found in a survey of mathe-
matics department chairs, teachers, and curriculum coordinators throughout the state, if
students are to be able to take a calculus course in grade 12, they must usually take
Algebra I in grade 8.1 Indeed, a recent report from the U.S. Department of Education
articulated the need to:
z Provide all students the opportunity to take Algebra I or a similarly demanding course
that includes fundamental algebraic concepts in the 8th grade to enable students to
take more advanced mathematics and science courses in all four years of high school.
z Build the groundwork for success in algebra by providing a rigorous curriculum in
grades K–7 that moves beyond arithmetic and prepares students for the transition to
algebra.
z Ensure that all students, parents, teachers, and counselors understand the importance
of students’ early study of algebra as well as continued study of rigorous mathematics
and science in high school.2
To provide for more local control and flexibility in secondary school mathematics curricula,
two assessment options at the end of grade 8 are being planned. One option will be based
on the multistrand standards for grades 7 and 8. The other option will be an end-of-course
assessment for Algebra I based on the standards listed for Algebra I. 
Although the Department presents standards for only one post-Algebra II course—
Precalculus—there are other mathematics courses that school districts might offer con-
current with or subsequent to Precalculus. Among these options are probability and 
statistics and discrete mathematics. Schools should also provide interested students with
enrichment options in mathematics such as advanced placement courses, independent
research, internships, or study of special topics.
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Development of the standards
The development of these standards is based upon two reform initiatives in Massachusetts,
the Education Reform Act of 1993 and Partnerships Advancing the Learning of Mathematics
and Science, the Statewide Systemic Initiative funded by the National Science Foundation
since 1992. The initial set of standards was completed and approved by the Board of
Education in 1995. Because the Education Reform Act required that all standards documents
be reviewed and revised periodically, a mathematics revision panel was appointed in the
summer of 1998. After reviewing the comments that the Department had received on the
original set of mathematics standards, the revision panel examined these standards,
assessed their appropriateness, and presented a draft to the Board of Education in
September 1999. 
The panel drew on the work of the National Council of Teachers of Mathematics (NCTM);
reports of the Mathematical Association of America, the American Mathematical Society,
and the American Association for the Advancement of Science; NCTM’s Principles and
Standards for School Mathematics October 1998 discussion draft; data from the Third
International Mathematics and Science Study; the National Research Council’s National
Science Education Standards; and results from the initial administration of the Massachusetts
Comprehensive Assessment System (MCAS). 
Based on the comments that the Department received on this draft, further revisions were
made. Drawing on the published version of NCTM Standards 2000, the final draft reflects
the work of many PreK–12 mathematics educators, mathematicians, and others who helped
clarify and refine the standards and ensure their developmental appropriateness.
Mathematical ideas should be explored in ways that stimulate curiosity, 
create enjoyment of mathematics, and develop depth of understanding. 
Students need to understand mathematics deeply and use it effectively. To achieve mathe-
matical understanding, students should be actively engaged in doing meaningful mathe-
matics, discussing mathematical ideas, and applying mathematics in interesting, thought
provoking situations. Student understanding is further developed through ongoing reflec-
tion about cognitively demanding and worthwhile tasks. 
Tasks should be designed to challenge students in multiple ways. Short- and long-term
investigations that connect procedures and skills with conceptual understanding are 
integral components of an effective mathematics program. Activities should build upon
curiosity and prior knowledge, and enable students to solve progressively deeper, broader,
and more sophisticated problems. Mathematical tasks reflecting sound and significant
mathematics should generate active classroom talk, promote the development of conjectures,
and lead to an understanding of the necessity for mathematical reasoning. 
An effective mathematics program focuses on problem solving and requires 
teachers who have a deep knowledge of mathematics as a discipline. 
Mathematical problem solving is the hallmark of an effective mathematics program. Skill
in mathematical problem solving requires practice with a variety of mathematical problems
as well as a firm grasp of mathematical techniques and their underlying principles. Armed
with this deeper knowledge, the student can then use mathematics in a flexible way to
attack various problems and devise different ways of solving any particular problem.
Mathematical problem solving calls for reflective thinking, persistence, learning from the
ideas of others, and going back over one's own work with a critical eye. Success in solving
mathematical problems helps to create an abiding interest in mathematics.
For a mathematics program to be effective, it must also be taught by knowledgeable
teachers. According to Liping Ma, “The real mathematical thinking going on in a class-
room, in fact, depends heavily on the teacher's understanding of mathematics.”3
A landmark study in 1996 found that students with initially comparable academic
achievement levels had vastly different academic outcomes when teachers’ knowledge of
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Guiding Principles
G U I D I N G P R I N C I P L E I :  L E A R N I N G
G U I D I N G P R I N C I P L E I I :  T E A C H I N G
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the subject matter differed.4 The message from the research is clear: having knowledge-
able teachers really does matter; teacher expertise in a subject drives student achieve-
ment. 
National data show that “nearly one-third of all secondary school teachers who teach
mathematics have neither a major nor a minor in the subject itself, in mathematics educa-
tion, or even in a related discipline.” 5 While there are very effective teachers who do not
have a major or minor in mathematics or in a related field, the goal should be that all
future teachers have concentrated study in the field of mathematics. “Improving teachers’
content subject matter knowledge and improving students’ mathematics education are thus
interwoven and interdependent processes that must occur simultaneously.” 6
Technology is an essential tool in a mathematics education.
Technology enhances the mathematics curriculum in many ways. Tools such as measuring
instruments, manipulatives (such as base ten blocks and fraction pieces), scientific and
graphing calculators, and computers with appropriate software, if properly used, contribute
to a rich learning environment for developing and applying mathematical concepts. However,
appropriate use of calculators is essential; calculators should not be used as a replacement
for basic understanding and skills. Moreover, the fourth and sixth grade state assessments
do not permit the use of a calculator. Elementary students should learn how to perform
thoroughly the basic arithmetic operations independent of the use of a calculator.7 Although
the use of a graphing calculator can help middle and secondary students to visualize prop-
erties of functions and their graphs, graphing calculators should be used to enhance their
understanding and skills rather than replace them.
Technology enables students to communicate ideas within the classroom or to search for
information in external databases such as the Internet, an important supplement to a
school’s internal library resources. Technology can be especially helpful in assisting students
with special needs in regular and special classrooms, at home, and in the community. 
Technology changes what mathematics is to be learned and when and how it is learned. 
For example, currently available technology provides a dynamic approach to such mathe-
matical concepts as functions, rates of change, geometry, and averages that was not possi-
ble in the past. Some mathematics becomes more important because technology requires it,
some becomes less important because technology replaces it, and some becomes possible
because technology allows it.
G U I D I N G P R I N C I P L E I I I :  T E C H N O L O G Y
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All students should have a high quality mathematics program.
All Massachusetts students should have high quality mathematics programs that meet
the goals and expectations of these standards and address students’ individual interests
and talents. The standards provide for a broad range of students, from those requiring
tutorial support to those with talent in mathematics. To promote achievement of these
standards, teachers should encourage classroom talk, reflection, use of multiple problem
solving strategies, and a positive disposition toward mathematics. They should have high
expectations for all students. At every level of the education system, teachers should act
on the belief that every child should learn challenging mathematics. Teachers and guidance
personnel should advise students and parents about why it is important to take advanced
courses in mathematics and how this will prepare students for success in college and the
workplace. 
All students should have the benefit of quality instructional materials, good libraries, and
adequate technology. Practice and enrichment should extend beyond the classroom. Tutorial
sessions, mathematics clubs, competitions, and apprenticeships are examples of mathematics
activities that promote learning. Because mathematics is the cornerstone of many disciplines,
a comprehensive curriculum should include applications to everyday life and modeling
activities that demonstrate the connections among disciplines. Schools should also provide
opportunities for communicating with experts in applied fields to enhance students’
knowledge of these connections. 
Assessment of student learning in mathematics should take many 
forms to inform instruction and learning.
A comprehensive assessment program is an integral component of an instructional program.
It provides students with frequent feedback on their performance, teachers with diagnostic
tools for gauging students’ depth of understanding of mathematical concepts and skills,
parents with information about their children’s performance in the context of program
goals, and administrators with a means for measuring student achievement.
Assessments take a variety of forms, require varying amounts of time, and address differ-
ent aspects of student learning. Having students “think aloud” or talk through their 
solutions to problems permits identification of gaps in knowledge and errors in reasoning.
By observing students as they work, teachers can gain insight into students’ abilities to
apply appropriate mathematical concepts and skills, make conjectures, and draw conclu-
sions. Homework, mathematics journals, portfolios, oral performances, and group projects
offer additional means for capturing students’ thinking, knowledge of mathematics, facility
with the language of mathematics, and ability to communicate what they know to others.
G U I D I N G P R I N C I P L E I V :  E Q U I T Y
G U I D I N G P R I N C I P L E V :  A S S E S S M E N T
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Tests and quizzes assess knowledge of mathematical facts, operations, concepts, and skills
and their efficient application to problem solving. They can also pinpoint areas in need of
more practice or teaching. Taken together, the results of these different forms of assessment
provide rich profiles of students’ achievements in mathematics and serve as the basis for
identifying curricula and instructional approaches to best develop their talents.
Assessment should also be a major component of the learning process. As students help
identify goals for lessons or investigations, they gain greater awareness of what they need
to learn and how they will demonstrate that learning. Engaging students in this kind of
goal-setting can help them reflect on their own work, understand the standards to which
they are held accountable, and take ownership of their learning.
“Can you do addition?” the White Queen asked. 
“What’s one and one and one and one and one and one and one and one 
and one and one?” 
“I don’t know,” said Alice. “I lost count.”
– Lewis Carroll, Through the Looking Glass
The study of numbers and operations is the cornerstone of the mathematics curriculum.
Learning what numbers mean, how they may be represented, relationships among them,
and computations with them is central to developing number sense.
Research in developmental psychology and in mathematics education has shown that
young children have a great deal of informal knowledge of mathematics. As early as age
three, children begin counting and quantifying, and demonstrate an eagerness to do so.
Capitalizing on this informal knowledge and interest, education in the early years focuses
on developing children’s facility with oral counting and recognition of numerals and word
names for numbers. Experience with counting naturally extends to quantification.
Children count objects and learn that the sizes, shapes, positions, or purposes of objects 
do not affect the total number of objects in a group. One-to-one correspondence, with its
matching of elements between two sets, provides the foundation for the comparison of
groups. Combining and partitioning groups of objects set the stage for operations with
whole numbers and the identification of equal parts of groups. 
In the early elementary grades, students count and compute with whole numbers, learn
different meanings of the operations and relationships among them, and apply the opera-
tions to the solutions of problems. “Knowing basic number combinations—the single-digit
addition and multiplication pairs and their counterparts for subtraction and division—is
essential. Equally essential is computational fluency—having and using efficient and
accurate methods for computing.” 8 Once teachers are confident that students understand
the underlying structure of a particular operation, they should teach students the conven-
tional algorithm for the operation. While students will not be asked to demonstrate use of
standard algorithms on the grade four MCAS mathematics tests, they are expected to be
introduced to them as theoretically and practically significant methods of computing.9
After students have learned how to use the conventional algorithm for an operation, what-
ever they then choose to use on a routine basis should be judged on the basis of efficiency
and accuracy. No matter what method students use, they should be able to explain their
method, understand that many methods exist, and see the usefulness of methods that 
are efficient, accurate, and general.10
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Strand Overviews
N U M B E R S E N S E A N D O P E R A T I O N S
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As they progress through the elementary grades, students compute with multi-digit numbers,
estimate in order to verify results of computations with larger numbers, and use concrete
objects to model operations with fractions, mixed numbers, and decimals. By the end of
their elementary school years, students choose operations appropriately, estimate to solve
problems mentally, and compute with whole numbers. 
Mathematics in the middle school centers on understanding and computing with rational
numbers, and on the study of ratio and proportion (what they are and how they are used
to solve problems). Students achieve competence with rational number computations and
the application of the order of operations rule to prepare for high school.
At the high school level, understanding systems of numbers is enhanced through exploration
of real numbers and computations with them. Thereafter, students investigate complex
numbers and relationships between the real and complex numbers. Students expand their
knowledge of counting techniques, permutations, and combinations, and apply those 
techniques to the solution of problems.
As students develop competence with numbers and computation, they construct the scaf-
folding necessary to build an understanding of number systems. Students not only compute
and solve problems with different types of numbers, but also explore the properties 
of operations on these numbers. Through investigation of relationships among whole num-
bers, integers, rational numbers, real numbers, and complex numbers, students gain a
robust understanding of the structure of our number system.
Technology in the Number Sense and Operations strand is used to facilitate investigation
of mathematical concepts, skills, and strategies. Calculators and computers enhance students’
abilities to explore relationships among different sets of numbers (e.g., the relationship
between fractions and decimals, fractions and percents, and decimals and percents), inves-
tigate alternative computational methods (e.g., generating the product of a pair of multi-
digit numbers on a calculator when the multiplication key cannot be used), verify results
of computations done with other tools, compute with very large and very small numbers 
in scientific notation form, and learn the rule for the order of operations.
I continued to do arithmetic with my father, passing proudly through fractions
to decimals. I eventually arrived at the point where so many cows ate so much
grass, and tanks filled with water in so many hours. I found it quite enthralling.
– Agatha Christie, An Autobiography
Algebra emerged through the analysis of solutions to equations, while the concept of a
function developed as the insights and techniques of calculus began to spread. Patterns,
relations, and algebra are integral elements in the study of mathematics. All students
P A T T E R N S ,  R E L A T I O N S ,  A N D A L G E B R A
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should understand how patterns, relations, and functions are interrelated; be able to rep-
resent and analyze mathematical situations and structures using algebraic symbols; use
mathematical models to understand quantitative relationships; and analyze change in
various contexts.
The foundation for the study of patterns, relations, and algebra can be constructed in the
PreK–K years and expanded gradually throughout the other years. All students should be
aware of the mathematics in patterns and use mathematical representations to describe
patterns. Young students can identify, translate, and extend repeating rhythmic, verbal,
and visual patterns. They can recognize patterns and relationships among objects, and
sort and classify them, observing similarities and differences. They can then probe more
deeply into the study of patterns as they explore the properties of the operations of addition
and multiplication. 
Through numerous explorations, elementary grade students deepen their understanding
of pattern and work informally with the concept of function. It is important that the concept
of a variable is developed for them through practical situations, for example, as they engage
in such basic activities as listing the cost of one pencil at 50¢, two pencils at ?, three pencils
at ? , . . . n pencils at ?.
Investigating patterns helps older students understand the concept of constant growth as
they analyze sequences like 1, 3, 5, 7, . . . . These students should contrast this type of
change with other relationships as evidenced in sequences such as 1, 2, 4, 8, . . . ; 1, 3, 6,
10, 15, . . . (the sum of the first n positive integers); and 1, 1⁄10, 1⁄100, 1⁄1000, . . . . In mid-
dle and high school, students build on prior experiences as they compare sequences and
functions represented in recursive and explicit forms.
As students advance through the grades, their work with patterns, functions, and algebra
progresses in mathematical sophistication. They learn that change is a central idea in the
study of mathematics and that multiple representations are needed to express change. They
identify, represent, and analyze numerical relationships in tables, charts, and graphs. They
learn about the importance and strength of proportional reasoning as a means of solving 
a variety of problems. While understanding linear functions and their graphs is a realistic
goal for the middle school student, students deepen their study of functions in the secondary
years. They engage in problems that feature additional types of polynomial functions, and
rational, exponential, logarithmic, trigonometric, and other families of functions. 
Graphing calculators and computer software with spreadsheet and graphics capabilities
are ideal resources that help students make connections among different representations
of the functions. The meaning and importance of domain, range, roots, optimum values,
periodicity, and other terms come alive when experienced through technology. With appro-
priate instruction, students move readily among symbolic, numeric, and graphic represen-
tations of functions. Through insightful examples, secondary students learn that functions
are a key concept with connections not only to calculus but also to transformational geometry
and topics in discrete mathematics.
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[The universe] cannot be read until we have learnt the language and become 
familiar with the characters in which it is written. It is written in mathematical 
language, and the letters are triangles, circles, and other geometrical figures, 
without which means it is humanly impossible to comprehend a single word.
– Galileo Galilei, Opere Il Saggiatore
Geometry, spatial sense, and measurement were among the sources of the earliest mathe-
matical endeavors. Ancient people, in their efforts to manage their lands, conduct commerce,
and describe natural forms and patterns, began to rely on abstract shapes and standard units
of measurement to communicate with each other. Euclidean geometry, a landmark in the
development of mathematics and other academic disciplines, is the study of points, lines,
planes, and other geometric figures, using a modified version of the assumptions of Euclid,
who is thought to have lived about 300 BC. The geometry in Euclid’s Elements of Geometry
was a logical system based on ten assumptions. Five of the assumptions were called common
notions (axioms, or self-evident truths), and the other five were postulates (required condi-
tions). The resulting logical system was taken as a model for deductive reasoning and pro-
foundly influenced all branches of knowledge. Indeed, the development of the axiomatic
approach to geometry extends to the present.11
Today, students have many of the same needs that their ancestors had thousands of years
ago. They need to understand the structure of space and the spatial relations around them,
measure many aspects of their environment, and communicate this structure, these relations,
and their measurements to others. Instruction in geometry and measurement is designed to
address this need.
Before students begin school, they have developed some knowledge of the physical and spatial
world. They have explored size, shape, position, and orientation of objects in everyday activi-
ties at home, on the neighborhood playground, or at a supermarket. They have become famil-
iar with two- and three-dimensional shapes. The language describing location and orientation
of objects—words such as right, left, above, below, top, bottom, and between—are part of
children’s daily talk. However, everyday use of the language of measurement and geometry
often differs from formal use in mathematics. These differences must be addressed through
instruction. Students should be expected to use clear and increasingly precise language in
their mathematical talk.
In the early grades, children explore shapes and the relationships among them that build on
their natural understanding. As they progress through elementary school, students identify
the components, attributes, and properties of different shapes, including sides, corners or
vertices, edges, interiors, and exteriors. With time, they develop procedures to identify and
categorize shapes by referring to their components, attributes, and properties. Students
investigate these features dynamically by using mirrors, paper folding, hand drawing, and
computer drawing. Still operating on concrete objects, students develop the idea of transfor-
mations by recognizing changes effected by slides, flips, and turns, not only on individual
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objects but also on combinations of objects. Investigations of simple transformations lead to
the concept of congruence.
In middle school and high school, students solve problems in other areas of mathematics
using geometric concepts, including coordinate geometry, perspective drawings, and 
projections of three-dimensional objects. They use mechanical and electronic tools to 
construct common geometric shapes and patterns, and to develop the idea of geometric simi-
larity, which can be integrated with the ideas of ratio and proportion. Students can also
apply methods developed in the geometric context to make sense of fractions and variables,
construct graphs and other representations of data, and make and interpret maps, blue-
prints, and schematic drawings.
In high school, students use formal reasoning to justify conclusions about geometry and its
relationship to other areas of mathematics. They recognize the logical structure of the sys-
tem of geometric axioms, become increasingly proficient in proving theorems within the
axiomatic system, and use axioms and theorems to verify conjectures generated through
their own work or by their peers. Students apply coordinate geometry to the solution of prob-
lems and extend transformational geometry to a variety of congruence and similarity trans-
formations and their composition.
Measure what is measurable, and make measurable what is not so.
– Galileo Galilei
Measurement is best learned through direct applications or as part of other mathematical
topics. A measurable attribute of an object is a characteristic that is most readily quantified
and compared. Many attributes, such as length, perimeter, area, volume, and angle measure,
come from the geometric realm. Other attributes are physical, such as temperature and
mass. Still other attributes, such as density, are not readily measurable by direct means.
In PreK–K, students begin to make qualitative comparisons between physical objects, 
(e.g., which object is longer or shorter, which is lighter or heavier, which is warmer or colder),
and begin to use nonstandard units of measurement for quantitative comparisons. Building
on existing measurement ideas, students in grades 1 and 2 become competent with standard
units of measurement. Students gain understanding of ratio and proportion in the middle
grades, and apply their newfound knowledge to making scale drawings and maps that 
accurately reflect the dimensions of the landscape or the objects they represent. Greater
familiarity with ratios enhances students’ understanding of the derived attributes (speed,
density, and trigonometric ratios), their applications, and the use of conversion factors to
change a base unit in a measure.
At all levels, students develop respect for precision and accuracy by learning to select the tools
and units of measurement appropriate to the situation. They also learn to analyze possible and
real errors in their measurements and how those errors may be compounded in computations.
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Life is a school of probability.
– Walter Bagehot
Education in a free society must prepare citizens to make informed choices in all areas of their
lives. They must be able to grasp the information being presented, analyze it, and make rea-
soned decisions. To accomplish these goals, students learn to collect, organize, and display rele-
vant data to answer questions that can be addressed with data; use appropriate statistical
methods and predictions that are based on data; develop and evaluate inferences and predictions
that are based on data; and apply basic concepts of probability.
In the early grades students learn how to collect data, observe patterns in the data, and organize
and analyze the data to draw conclusions. To organize and display their data, they begin by
using concrete and pictorial representations, and gradually learn to use tables, bar and line
graphs, and data line plots. As students advance through the grades, they explore more complex
forms of representation, including multiple-line graphs, circle graphs, and frequency tables.
In their study of data and statistics, students shift their perspective from viewing data as a set
of individual pieces of information to an understanding of data as a coherent set with its own
collective properties. This shift is emphasized in the middle grades when students study char-
acteristics of sets of data, including measures of central tendency and techniques for displaying
these characteristics, e.g., stem-and-leaf plots and scatterplots. Students learn how to select
and construct representations most appropriate for the data and how to avoid misleading and
inappropriate representations.
In high school, students gain insight into the use of trend lines and measures of spread for
analyzing data. Students use technology to estimate and find lines of best fit for scatterplots.
They categorize data by the type of model that best represents them, design surveys to gener-
ate data, and learn to choose representative samples and identify biases in the samples and
survey questions.
Probability may be called the study of the laws of chance. In the elementary grades, students
begin the study of probability by conducting experiments with spinners, counters, number
cubes, and other concrete objects. They learn to record outcomes of individual experiments, and
to organize and analyze results. They identify certain, possible, and impossible events. 
In the middle grades, students enumerate all possible outcomes of simple experiments and
determine probabilities to solve problems. Through the exploration of various problem situa-
tions, students learn to distinguish between independent and dependent events. By represent-
ing problem situations both numerically and geometrically, students can begin to develop an
understanding of probabilities for simple compound events. 
In high school, as they compare results of experiments with their theoretical predictions, stu-
dents gain an understanding of the difference between predicted and actual outcomes. They
apply counting techniques, use multiple representations to solve complex probability problems,
and investigate probability distributions.
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